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Abstract: Liouville type of theorems play a key role in the blow-
up approach to study the global regularity of the three-dimensional
Navier-Stokes equations. In this paper, we will prove Liouville type
of theorems to the 3-D axisymmetric Navier-Stokes equations with
swirls under some suitable assumptions on swirl component velocity
uθ which are scaling invariant. It is known that ruθ satisfies the
maximum principle. The assumptions on uθ will be natural and
useful to make further studies on the global regularity to the three-
dimensional incompressible axisymmetric Navier-Stokes equations.
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1 Introduction
We consider the Cauchy problem for the three-dimensional (3-D) incompressible
Navier-Stokes equations


∂tu−∆u+ (u · ∇)u+∇p = 0, (x, t) ∈ R3 × (0, T ),
div u = 0,
(1.1)
with the initial conditions
u(x, t) |t=0= u0(x). (1.2)
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Here the unknown functions are the velocity vector u = (u1(x, t), u2(x, t), u3(x, t))
and the pressure p(x, t) with x ∈ R3, t ∈ [0, T ], where T > 0 is a constant. In (1.1),
div u = 0 means that the fluid is incompressible.
The global existence of the Leray-Hopf weak solutions to the Cauchy problem
or the initial-boundary problem of the three-dimensional Navier-Stokes equations
has been proved long ago (see [19],[7]). However, the uniqueness and regularity of
the weak solutions remain completely open. Up to now, the weak solutions will be
regular and unique provided that the Serrin-type conditions u ∈ Lp([0, T );Lq(R3))
hold, where 2/p + 3/q ≤ 1, p ≥ 2 and q ≤ 3 (see [26], [27], [6]). The strong (or
smooth) solution of the three-dimensional Navier-Stokes equations was proved to be
unique but local in time (see [12, 14, 16, 21, 28]). On the other hand, Scheffer [24]
introduced and began to study the partial regularity of suitable weak solutions. The
significant results, due to Caffarelli-Kohn-Nirenberg [1] show that, for any suitable
weak solutions, one-dimensional Hausdorff measure of the singular set is zero. The
simplified proofs and further studies are referred to [20], [29].
For the three-dimensional axisymmetric Navier-Stokes equations, if the angular
component of the velocity uθ = 0, the global existence and uniqueness of the strong
(or smooth) solution have been successfully obtained ([16], [31]). In the presence
of swirls, that is, uθ 6≡ 0, the global well-posedness of the solution is still open.
Recently, using DeGeogi-Nash-Moser iterations and a blow-up approach respectively,
Chen-Strain-Tsai-Yau [4, 5] and Koch-Nadirashvili-Seregin-S˘vera´k [13] obtained an
interesting and important development on this problem. Roughly speaking, they
proved that if the solution satisfies (1) |ru(x, t)| ≤ C or (2) |u(x, t)| ≤ C√
T ∗−t for
0 < t < T ∗, where C > 0 is an arbitrary and absolute constant and (0, T ∗) is the
maximal existence interval of the solution, then there exists a constant M > 0 such
that |u(x, t)| ≤ M for 0 < t ≤ T ∗ which implies that the solution is globally regular
on time. It should be remarked that these conditions are scaling invariant and
imply the possible blow-up rate of the solution. Moreover, the singularity satisfying
(2) is usually called type I singularity in the sense of [8]. Thus, if an axisymmetric
solution develops a singularity, it can only be a singularity of type II (any singularity
which is not type I). The other regularity criteria and recent studies can be seen in
[3, 11, 15, 18, 23] and references therein.
The basic idea of the blow-up approach is that if the solution would blow up
at some space-time point, then making scaling transformation of the solution and
enlarging the region near the possibly singular point, one can look into the equations
satisfied by some suitably scaled solutions. In particular, after taking the limit, if the
solution of the limit equation is trivial, which is so called a Liouville type of theorem,
then one will obtain a contradiction and the blow-up will not happen. To the three-
dimensional axisymmetric Navier-Stokes equations, the possible singularity of the
solution may only appear on the symmetry axis due to the partial regularity theory
in [1]. Therefore it suffices to study the possible singularity of the solution on the
2
symmetry axis. In this paper, we are concerned with Liouville type of theorems.
First, we prove a Liouville type of theorem by assuming that
lim sup
δ→0+
‖ruθ(x, t)‖L∞({x|r≤δ}×(−1,0)) = 0. (1.3)
It is shown that, under the assumption (1.3), there exists a bounded and continuous
function s(T ) defined on (−∞, 0] such that the ancient solution u¯ = (0, 0, s(T )).
It should be remarked that the assumption of (1.3) is natural since ruθ satisfies
the maximum principle and if the initial data satisfies |ruθ0| ≤ C then the solution
will keep the bound |ruθ| ≤ C for some constant C > 0. This implies that the
singularity of uθ near the symmetry axis, if exists, may be of the rate
O(1)
r
as r → 0,
where O(1) means a finite constant. While the condition (1.3) implies that the
singularity which we impose on uθ near the symmetry axis is of the rate
o(1)
r
with
o(1) → 0 as r → 0. Our approaches are based on [4, 5] and [13]. In particular, we
will use the integral expression on
ω
(k)
θ
R
which is the scaled quantity of ωθ
r
to prove
a Liouville type of theorem to the ancient solution, where ωθ = ∂ru3 − ∂3ur is the
angular component of the vorticity. This is different from [13] in which the authors
established a Liouville type of theorem by making full use of the strong maximum
principle of the scalar equation of Γ = ruθ, under the assumption that |ru| ≤ C.
Moereover, in comparison with the global regularity results in [4, 5] and [13], we
need (1.3) but do not require the condition on the radial component of the velocity
ur. It should be noted that in the process of proving the Liouville type of theorem,
we only need the condition (1.3). How to remove the condition (1.3) will be very
interesting and challenging.
Second, we prove a Liouville type of theorem under weighted estimates of smooth
solutions to the three-dimensional axisymmetric Navier-Stokes equations, which are
also scaling invariant. This is motivated by weighted estimates in [1] which can be
carried out under assumptions of the initial data. Finally, in the end of the paper,
we give further remarks on the possibility to rule out the singularity of the solution
by using the Liouvile type of theorems established in this paper.
The organization of this paper is as follows. In Section 2, we will present some
preliminaries and establish a Liouville type of theorem under (1.3). In Section 3,
we prove a Liouville type of theorem under weighted estimates of the solution. In
Section 4, we give further remarks on how to use the Liouville type of theorem in
future works.
3
2 A Liouville Type of Theorem Under (1.3)
By an axisymmetric solution (u, p) of (1.1), we mean that, in the cylindrical coor-
dinate systems, the solution takes the form p(x, t) = p(r, x3, t) and
u(x, t) = ur(r, x3, t)er + uθ(r, x3, t)eθ + u3(r, x3, t)e3,
where
er = (cos θ, sin θ, 0), eθ = (− sin θ, cos θ, 0), e3 = (0, 0, 1).
Here uθ(r, x3, t) and ur(r, x3, t) are the angular and radial components of u(x, t)
respectively. For the axisymmetric velocity field u, the corresponding vorticity ω =
∇× u is
ω = ωrer + ωθeθ + ω3e3,
where
ωr = ∂3uθ, ωθ = ∂ru3 − ∂3ur, ω3 = −1
r
∂r(ruθ).
The 3-D axisymmetric Navier-Stokes equations read as
D˜ur
Dt
− (∂2r + ∂23 +
1
r
∂r)ur +
1
r2
ur − 1
r
(uθ)
2 + ∂rp = 0, (2.1)
D˜uθ
Dt
− (∂2r + ∂23 +
1
r
∂r)uθ +
1
r2
uθ +
1
r
uθur = 0, (2.2)
D˜u3
Dt
− (∂2r + ∂23 +
1
r
∂r)u3 + ∂3p = 0, (2.3)
∂r(rur) + ∂3(ru3) = 0, (2.4)
where
D˜
Dt
= ∂t + ur∂r + u3∂3, r = (x
2
1 + x
2
2)
1/2.
In the following, we set
∇˜ = (∂r, ∂3)
and use C to denote an absolute constant which may be different from line to line.
Without loss of generality, after translation on the time variable, u(x, t) is as-
sumed to be a smooth axisymmetric solution to (2.1)-(2.4), defined in R3 × (−1, 0)
with u ∈ L∞(R3 × (−1, t′) for any −1 < t′ < 0.
Let
h(t) = sup
x∈R3
|u(x, t)|, H(t) = sup
−1≤s≤t<0
h(s). (2.5)
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Suppose that the first singularity time for the solution u(x, t) is at time t = 0.
Then it is clear that limt→0−H(t) = ∞. In fact, by a classical result of Leray [19],
if u develops a singularity at t = 0, then
h(t) = sup
x∈R3
|u(x, t)| ≥ ε1√−t (2.6)
for some ε1 > 0.
There exist tk ր 0 as k → ∞ such that H(tk) = h(tk). Denote Nk = H(tk).
Then there exists a sequence of numbers γk ց 1 as k → ∞ and xk ∈ R3 such that
Mk = |u(xk, tk)| ≥ Nk/γk, k = 1, 2 · · · , satisfying Mk →∞ as k →∞.
Define
u(k)(X, T ) =
1
Mk
u(
X1
Mk
,
X2
Mk
, xk3 +
X3
Mk
, tk +
T
M2k
), k = 1, 2, · · · (2.7)
In the cylindrical coordinate system, set
u(k)(X, T ) = b(k)(X, T ) + u
(k)
θ eθ,
where b(k)(X, T ) = u
(k)
R eR + u
(k)
Z eZ , R =
√
X21 +X
2
2 .
Then u(k)(X, T ) are smooth solutions of the 3D Navier-Stokes equations, which
are defined in R3 × (Ak, Bk) with
Ak = −M2k −M2k tk, Bk = −M2k tk. (2.8)
Note that Bk = −M2k tk ≥ (Nkγk )2(−tk) ≥
ε1
γ2
k
. Moreover, it holds that
|u(k)(X, T )| ≤ γk, X ∈ R3, T ∈ (Ak, 0), (2.9)
and
|u(k)(Mkxk1,Mkxk2, 0, 0)| = 1. (2.10)
It follows from the regularity theorem of the Navier-Stokes equations that
|∂Tu(k)|+ |Dlu(k)| ≤ Cl, X ∈ R3, T ∈ (Ak, 0] (2.11)
for k = 1, 2, · · · and |l| = 0, 1, 2, · · · , where l = (l1, l2, l3) is a multi-index satisfying
l1 + l2+ l3 = |l| and Dl = ∂|l|
∂x
l1
1 ∂x
l2
2 ∂x
l3
3
. Cl is a constant depending on l but not on k.
Then there exists a smooth function u¯(X, T ) defined in R3× (−∞, 0) such that, for
any |l| = 0, 1, 2 · · · ,
Dlu(k) −→ Dlu¯, k →∞, (2.12)
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uniformly in C(Q¯) for any compact subset Q ⊂⊂ R3 × (−∞, 0]. Denote ω¯(X, T ) =
ω¯θeθ + ω¯rer + ω¯zez the voricity of u¯(X, T ).
Our main result of this section is a Liouville type of theorem as follows.
Theorem 2.1 Let u(x, t) be an axisymmetric vector field defined in R3× (−1, 0)
which belongs to L∞(R3 × (−1, t′) for each −1 < t′ < 0. Assume that u satisfies
|ruθ(x, t)| ≤ C, (x, t) ∈ R3 × (−1, 0), (2.13)
and
lim sup
δ→0+
‖ruθ(x, t)‖L∞({x|r≤δ}×(−1,0)) = 0, (2.14)
where C > 0 is any finite constant. Then either
|u(x, t)| ≤M, x ∈ R3, t ∈ [−1, 0], (2.15)
where M > 0 is an absolute constant depending on C, or ω¯ = 0 and u¯ = (0, 0, s(T )),
where u¯ is same as in (2.12) and s(T ) : (−∞, 0] → R is a bounded and continuous
function.
Remark 2.1 The condition (2.13) can be removed if the initial data satisfies
‖ru0θ‖L∞ < ∞ (see [3, 11]). The condition (2.14) means that the singularity of uθ
near the symmetry axis is of the rate o(1)
r
with o(1)→ 0 as r → 0.
Proof. Suppose that (2.15) is false. Then one can rescale the solution as in
(2.7)-(2.12). It will be shown that ω¯(X, T ) = 0 and u¯(X, T ) = (0, 0, s(T )) with
s(T ) : (−∞, 0)→ R a bounded and continuous function.
Let C0 > 0 be any fixed constant. For any X ∈ R3 with R ≤ C0 and T ∈ (Ak, 0],
it follows from (2.14) that
|Γ(k)(X, T )| ≡ |Ru(k)θ | = |
R
Mk
uθ(
X1
Mk
,
X2
Mk
, xk3 +
X3
Mk
, tk +
T
M2k
)|
≤ F˜ (k, C0)→ 0 (2.16)
as k →∞. Set
F (k, C0) = max(F˜ (k, C0),
1
k
), k = 1, 2, 3 · · · .
It follows that
|u(k)θ (X, T )| ≤ R−1F (k, C0), 0 < R ≤ C0, T ∈ (Ak, 0]. (2.17)
It follows from (2.13) that
|u(k)θ (X, T )| ≤
C
R
, R > 0, T ∈ (Ak, 0]
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Using (2.11) and the fact that u
(k)
θ |R=0 = 0, one has
|u(k)θ (X, T )| ≤ Cmin(R,R−1), R > 0, T ∈ (Ak, 0], (2.18)
|∂Zu(k)θ (X, T )| ≤ Cmin(R, 1), R > 0, T ∈ (Ak, 0]. (2.19)
Consequently, for any T ∈ (Ak, 0],
|u(k)θ (X, T )| ≤


CR, R <
√
F (k, C0),
F (k,C0)
R
,
√
F (k, C0) ≤ R ≤ C0,
C
R
, R > C0.
(2.20)
|∂Z(u
(k)
θ )
2(R,Z, T )
R2
| ≤


C, R <
√
F (k, C0),
C F (k,C0)
R2
,
√
F (k, C0) ≤ R < 1,
C F (k,C0)
R3
, 1 ≤ R ≤ C0,
C
R3
, R ≥ C0.
(2.21)
Let Ω = ωθ(x,t)
r
and f (k) = Ω(k)(X, T ) =
ω
(k)
θ
(X,T )
R
. Then it holds that
|f (k)(X, T )| ≤ C(1 +R)−1, X ∈ R3, T ∈ (Ak, 0). (2.22)
It follows from the equation of ωθ that
(∂T − L)f (k) = g(k), L = ∆+ 2
R
∂R − b(k) · ∇X , (2.23)
where g(k) = R−2∂Z(u
(k)
θ )
2 and b(k) = u
(k)
R eR + u
(k)
Z eZ .
Regarding f (k)(X, T ) = f (k)(R,Z, T ) as a 5-dimensional axisymmetric function
by denoting X = (X˜,X5) = (X1, · · · , X4, X5), R = |X˜| =
√
X21 +X
2
2 +X
2
3 +X
2
4
and Z = X5, we obtain
(∂T + b˜
(k) · ∇˜X −∆5)f (k) = g(k), (2.24)
where b˜(k) = u
(k)
R e˜R + u
(k)
Z e˜Z with e˜R = (
X1
R
, X2
R
, X3
R
, X4
R
, 0) and e˜Z = (0, 0, 0, 0, 1).
The scaling (2.7) can be rewritten as
u
(k)
θ (Y, T ) =
1
Mk
u(
R
Mk
, zk +
Y5
Mk
, tk +
T
M2k
), (2.25)
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where zk = x3k.
Denote P (T,X ;S, Y ) the kernel for ∂T + b˜
(k) · ∇˜X − ∆5 and Y = (Y˜ , Y5) =
(Y1, . . . , Y5). By the Duhamel’s formula,
f (k)(X, T ) =
∫
P (T,X ;S, Y )f (k)(Y, S)dY +
∫ T
S
∫
P (T,X ; τ, Y )g(k)(Y, τ)dY dτ
=: I + II. (2.26)
Due to Carlen-Loss [2] and Chen-Strain-Tsai-Yau [5], the kernel P satisfies P ≥
0,
∫
P (T,X ;S, Y )dY = 1 and
P (T,X ;S, Y ) ≤ C(T − S)− 52 e−h(|X−Y |,T−S), h(a, T ) = Ca
2
T
[(1− T
a
)+]
2,
where f+ = max{0, f} and we have used the fact that ‖b˜(k)‖∞ ≤ γk ≤ 2 for k ≥ N .
It can be verified that the function e−h(a,T ), a ≥ 0, T ≥ 0, has the following
properties:
When T ≥ T0 > 0 for any fixed (but may be small) T0 > 0, one has
e−h(a,T ) ≤ Ce−Ca/T (2.27)
holds for some constant C > 0 which may depend on T0.
When T ≥ a
2
, one has
e−h(a,T ) ≤ Ce−Ca/T . (2.28)
When 0 ≤ T ≤ a
2
, it is easy to get
e−h(a,T ) = e−C
a2
T
(1−T
a
)2 ≤ e−Ca2/T . (2.29)
In (2.28) and (2.29), C > 0 is some uniform constant.
It follows from (2.27) and Ho¨lder inequality that
|I| ≤ [
∫
P (T,X ;S, Y )|f (k)(Y, S)|5dY ] 15
≤ [C(T − S)− 52
∫
e−C
|X5−Y5|
T−S
R
3dR
(1 +R)5
dY5]
1
5
≤ C(T − S)− 310 (2.30)
for all X ∈ R5, T, S ∈ (Ak, 0) satisfying T − S > 0.
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Let L = {τ ∈ [S, T ] : T − τ ≥ |X−Y |
2
} and Lc = {τ ∈ [S, T ] : T − τ ≤ |X−Y |
2
}.
For any C0 > 0, with help of (2.28) and (2.29), we have
|II| ≤
∫
L
∫
C(T − τ)− 52 e−C |X−Y |T−τ |g(k)(Y, τ)|dY dτ
+
∫
Lc
∫
C(T − τ)− 52 e−C |X−Y |
2
T−τ |g(k)(Y, τ)|dY dτ
≤ C
∫ T
S
(T − τ)− 52dτ
∫
e−C
|X5−Y5|
T−τ dY5(
∫
{R≤C0}
e−C
|X˜−Y˜ |
T−τ dY˜ )
1
2 (
∫
{R≤C0}
|g(k)(Y, τ)|2dY˜ ) 12
+C
∫ T
S
(T − τ)− 52dτ
∫
e−C
|X5−Y5|
T−τ dY5(
∫
{R≥C0}
e−C
|X˜−Y˜ |
T−τ dY˜ )
1
2 (
∫
{R≥C0}
|g(k)(Y, τ)|2dY˜ ) 12
+C
∫ T
S
(T − τ)− 52dτ
∫
e−C
|X5−Y5|
2
T−τ dY5(
∫
{R≤C0}
e−C
|X˜−Y˜ |2
T−τ dY˜ )
2
3 (
∫
{R≤C0}
|g(k)(Y, τ)|3dY˜ ) 13
+C
∫ T
S
(T − τ)− 52dτ
∫
e−C
|X5−Y5|
2
T−τ dY5(
∫
{R≥C0}
e−C
|X˜−Y˜ |2
T−τ dY˜ )
2
3 (
∫
{R≥C0}
|g(k)(Y, τ)|3dY˜ ) 13 .
It follows from (2.21) that
∫
{R≤C0}
|g(k)(Y, τ)|2dY˜
= [
∫
{R<
√
F (k,C0)}
+
∫
{
√
F (k,C0)≤R<1}
+
∫
{1≤R<C0}
]|g(k)(Y, τ)|2dY˜
≤ C[(
√
F (k, C0))
4 + F 2(k, C0)(− ln
√
F (k, C0)) + F
2(k, C0)].
and ∫
{R≤C0}
|g(k)(Y, τ)|3dY˜
≤ C[(
√
F (k, C0))
4 + F 3(k, C0)(
√
F (k, C0))
−2 + F 3(k, C0)].
It concludes that
|II| ≤ C(T − S) 32 [(
√
F (k, C0))
4 + F 2(k, C0)(− ln
√
F (k, C0)) + F
2(k, C0) + C
−1
0 ]
+C(T − S) 13 [(
√
F (k, C0))
4 + F 3(k, C0)(
√
F (k, C0))
−2 + F 3(k, C0) + C
− 5
3
0 ].
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Letting T − S = C
1
3
0 , we obtain
|I|+ |II| ≤ C(C−
1
10
0 + C
− 1
2
0 + C
− 14
9
0 )
+C[(
√
F (k, C0))
4 + F 2(k, C0)(− ln
√
F (k, C0)) + F
2(k, C0)]
1
2
+C[(
√
F (k, C0))
4 + F 3(k, C0)(
√
F (k, C0))
−2 + F 3(k, C0)]
1
3 .
Taking the limit k →∞ first and then letting C0 →∞, we have
|f (k)(X, T )| → 0,
and hence
|ω(k)θ (X, T )| → 0, (2.31)
which implies that ω¯θ(R,Z, T ) = 0. Consequently, we obtain that ω¯θ(X, T ) = 0 for
X ∈ R3 and T ∈ (−∞, 0). Denote b¯(X, T ) = u¯ReR + u¯Z . It follows from (2.12) that
u(k)(X, T )→ u¯(X, T ), b(k)(X, T )→ b¯(X, T ), as k →∞, (2.32)
uniformly in C(Q¯) with any compact subset Q ⊂⊂ R3 × (−∞, 0].
As a consequence of curlXb
(k)(X, T ) = ω
(k)
θ eθ, divXb
(k)(X, T ) = 0 and (2.32),
b¯(X, T ) is a harmonic and bounded function. That is, ∆X b¯ = 0 and b¯(X, T ) is
bounded. Since u¯R(0, Z, T ) = 0, there exists a continuous and bounded function
s(T ) : (−∞, 0] → R such that b¯(X, T ) = (0, s(T )). Moreover, since |Ru(k)θ | → 0 as
k →∞ for 0 < R ≤ C0, where C0 > 0 is arbitrary, it follows that u¯θ(X, T ) = 0 for
all X ∈ R3, T ∈ (−∞, 0). Therefore we have proved that u¯(X, T ) = (0, 0, s(T )) and
furthermore ω¯(X, T ) = 0. The proof of the theorem is finished.
3 A Liouville Type Theorem Under Weighted Es-
timates
In [1], some weighted estimates were obtained for suitable weak solutions (u(x, t), p(x, t))
of the three-dimensional Navier-Stokes equations (1.1). More precisely, suppose that
there exists a small number L0 > 0 such that if∫
R3
|u0|2
|x| dx ≤ L (3.1)
with 0 < L < L0, then∫
R3
|u|2
|x| dx+ (L0 − L)exp{
1
L0
∫ t
0
∫
R3
|∇u|2
|x| }dxdt ≤ L0, t ∈ [0, T ]. (3.2)
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For the three-dimensional axisymmetric Navier-Stokes equations, if
∫
R3
|u0|2
r
dx ≤ L, (3.3)
where L > 0 is same as in (3.1), then it is clear that
∫
R3
|u0|2√
r2 + (z − z0)2
dx ≤ L (3.4)
for any z0 ∈ R. By the translation with respect to z(= x3), one can prove in a
similar way as in [1] that if (3.4) holds, then
∫
R3
|u|2√
r2 + (z − z0)2
dx
+ (L0 − L)exp{ 1
L0
∫ t
0
∫
R3
|∇u|2√
r2 + (z − z0)2
}dxdt ≤ L0 (3.5)
for any z0 ∈ R, where L and L0 are same as in (3.2). Note that the quantities on
the left hand side of (3.5) are scaling invariant.
Let BR¯ = {x ∈ R3||x| < R} be a ball with radius R¯ > 0. Motivated by the
weighted estimates (3.5), we have
Theorem 3.1 Let u(x, t) be an axisymmetric vector field defined in R3× (−1, 0)
which belongs to L∞(R3 × (−1, t′) for each −1 < t′ < 0 and L∞(Bc
R¯
× (−1, 0)) for
some R¯ > 0, where Bc
R¯
= R3\BR¯. Moreover, assume that u satisfies
(1) |ruθ(x, t)| ≤ C, (x, t) ∈ R3 × (−1, 0), (3.6)
(2)
∫
R3
|u|2√
r2 + (z − z0)2
dx+
∫ 0
−1
∫
R3
|ωr|2√
r2 + (z − z0)2
rdrdzdt ≤ C (3.7)
for any z0 ∈ R.
Then either
|u(x, t)| ≤M, x ∈ R3, t ∈ (−1, 0], (3.8)
where M > 0 is an absolute constant depending on C, or u¯ = 0, where u¯ is defined
in (2.12).
Remark 3.1 The assumption that u(x, t) ∈ L∞(Bc
R¯
× (−1, 0)) for some R > 0
can be easily satisfied if the solution decays at far fields for all t ∈ (−1, 0). In
particular, it follows from [1] that
Proposition 3.2 Suppose that u0 ∈ L2(R3) and∫
R3
|∇u0|2dx <∞.
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Given a suitable weak solution u(x, t) of the three-dimensional Navier-Stokes equa-
tions with initial data u0. Then u(x, t) is regular in the region B
c
R¯
for some R¯ > 0.
Remark 3.2 The second term in (3.7) can be replaced by
∫ t
0
∫
R3
|ωr|2
r
dxdt ≤ C. (3.9)
Note that ωr = ∂zuθ. The second term in the condition (3.7) is a weighted estimate
on ∂zuθ.
Now we give a proof of Theorem 3.1.
Proof of Theorem 3.1 Suppose that the solution u(x, t) has singularity at
t = 0. Then similar to the proof of Theorem 2.1, there exist tk ր 0 as k →∞ such
that H(tk) = h(tk), where H(t) and h(t) are same as in (2.5). Denote Nk = H(tk).
Since u(x, t) ∈ L∞(Bc
R¯
× (−1, 0)) for some R¯ > 0 by the assumption, we can choose
a sequence of numbers γk ց 1 as k →∞ and xk ∈ BR¯ such that Mk = |u(xk, tk)| ≥
Nk/γk, k = 1, 2 · · · , satisfying Mk → ∞ as k → ∞. Using the same scaling (2.7),
one can prove the theorem as for Theorem 2.1.
To be more precise, we continue the proof based on (2.26). The first term I in
(2.26) can be estimated as in (2.30). Thus, one needs to focus on the estimate of
the second term II in (2.26).
Note that
|II| ≤
∫
L
∫
C(T − τ)− 52 e−C |X−Y |T−τ |g(k)(Y, τ)|dY dτ
+
∫
Lc
∫
C(T − τ)− 52 e−C |X−Y |
2
T−τ |g(k)(Y, τ)|dY dτ ≡ II1 + II2, (3.10)
where L = {τ ∈ [S, T ] : T −τ ≥ |X−Y |
2
} and Lc = {τ ∈ [S, T ] : T −τ ≤ |X−Y |
2
}. Here
we are estimating in 5-dimensional space, X = (X˜,X5) = (X1, · · · , X4, X5), Y =
(Y˜ , Y5) = (Y1, · · · , Y4, Y5) and R = |X˜| =
√
X21 + · · ·+X24 .
First, II2 can be estimated as follows.
|II2| ≤
∫ T
S
∫
R5
(T − τ)− 52 e−C |X−Y |
2
T−τ |g(k)(Y, τ)|dY dτ
=
∫ T
S
[
∫
{ |X5−Y5|2
T−τ
≤C0, |X˜−Y˜ |2T−τ ≤C0}
+
∫
{ |X5−Y5|2
T−τ
≥C0, |X˜−Y˜ |2T−τ ≤C0}
+
∫
{ |X5−Y5|2
T−τ
≤C0, |X˜−Y˜ |
2
T−τ
≥C0}
+
∫
{ |X5−Y5|2
T−τ
≥C0, |X˜−Y˜ |
2
T−τ
≥C0}
](T − τ)− 52 e−C |X−Y |
2
T−τ |g(k)(Y, τ)|dY dτ
≡ J1 + J2 + J3 + J4. (3.11)
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For 0 < α < 1, direct estimates lead to
J1 ≤
∫ T
S
∫
{|Y |≤2
√
C0(T−S)+2|X|}
(T − τ)− 52 e−C |X−Y |
2
T−τ
|u(k)θ ∂Zu(k)θ |
R2
dY dτ
≤
∫ T
S
∫
{|Y |≤2
√
C0(T−S)+2|X|}
(T − τ)− 52 e−C |X−Y |
2
T−τ
|∂Zu(k)θ |α
Rα
|∂Zu(k)θ |1−α
(R2|Y |) 1−α2
|Y | 1−α2 |u
(k)
θ |
R
dY dτ
≤ (2
√
C0(T − S) + 2|X|) 1−α2 (
∫ T
S
∫
{|Y |≤2
√
C0(T−S)+2|X|}
|∂Zu(k)θ |2
R2|Y | dY dτ)
1−α
2
×(
∫ T
S
∫
{|Y |≤2
√
C0(T−S)+2|X|}
(T − τ)− 51+α e−C |X−Y |
2
T−τ dY dτ)
1+α
2
≤ F (C0, T − S, |X|, α, k)(
∫ T
S
(T − τ)− 51+α+ 52dτ) 1+α2
≤ F (C0, T − S, |X|, α, k), (3.12)
where
F (C0, T−S, |X|, α, k) = F1(C0, T−S, |X|, α)(
∫ T
S
∫
{|Y |≤2
√
C0(T−S)+2|X|}
|∂Zu(k)θ |2
R2|Y | dY dτ)
1−α
2
and F1(C0, T − S, |X|, α) is a constant depending on C0, T − S, |X| and α. Note
that the angular component of the velocity in (2.25) is
u
(k)
θ (Y, T ) =
1
Mk
uθ(
R
Mk
, zk +
Y5
Mk
, tk +
T
M2k
),
where zk = x3k. Letting
y1 =
Y1
Mk
, · · · , y4 = Y4
Mk
, z = zk +
Y5
Mk
, t = tk +
τ
M2k
, r =
√
y21 + · · ·+ y24,
one can get that
∫ T
S
∫
{|Y |≤2
√
C0(T−S)+2|X|}
|∂Zu(k)θ |2
R2|Y | dY dτ
=
∫ tk+ T
M2
k
tk+
S
M2
k
∫
{
√
r2+(z−zk)2≤ 2
√
C0(T−S)+2|X|
Mk
}
|∂zuθ|2√
r2 + (z − zk)2
rdrdzdt (3.13)
Note that |zk| = |xk3| ≤ R¯ is bounded. There exists a subsequence of {(zk, tk)}, still
denoted by itself, and z¯ ∈ [−R¯, R¯] such that tk → 0, zk → z¯ as k → ∞. By the
assumption (3.7), for any ε > 0, there exists a δ > 0 such that
∫ 0
−2δ
∫ 2δ
0
∫ z¯+2δ
z¯−2δ
|∂zuθ|2√
r2 + (z − z¯)2 rdrdzdt ≤ ε. (3.14)
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Using (3.7) again leads to
∫ 0
−2δ
∫ 2δ
0
∫ z¯+2δ
z¯−2δ
|∂zuθ|2√
r2 + (z − z¯k)2
rdrdzdt ≤ C. (3.15)
Taking k > K large enough such that (tk +
S
Mk
, tk +
T
Mk
) ⊂ (−δ, 0) and {(r, z) ∈
(0,∞)× (−∞,∞)|√r2 + (z − z¯)2 ≤ 2
√
C0(T−S)+2|X|
Mk
} ⊂ (0, δ)× (z¯ − δ, z¯ + δ). Let
hk(r, z, t) =
|∂zuθ|2√
r2 + (z − zk)2
, h(r, z, t) =
|∂zuθ|2√
r2 + (z − z¯)2 ,
where (r, z) ∈ (0, 2δ)× (z¯ − 2δ, z¯ + 2δ).
For any fixed 0 < δ0 < δ, we choose 0 ≤ ϕ(r, z, t) ≤ 1 to be a smooth function
defined in (0,∞)× (−∞,∞)× (−1, 0) satisfying ϕ(r, z, t) ≡ 1 if (r, z, t) ∈ (δ0, δ)×
(z¯ − δ, z¯ + δ)× (−δ,−δ0) and ϕ(x, t) ≡ 0 if (r, z, t) 6∈ Qδ,δ0 ≡ ( δ02 , 2δ)× (z¯ − 2δ, z¯ +
2δ)× (−2δ,− δ0
2
).
Then, there exists a subsequence (still denoted by itself) such that
hk ⇀ h˜ in M(Qδ,δ0) (by (3.15))
hk → h a.e. on Qδ,δ0,
as k → ∞, where h˜ ∈ M(Qδ,δ0) which is the finite Radon measure space restricted
on Qδ,δ0 . In particular, it concludes that h˜ = h and∫
Qδ,δ0
hkϕrdrdzdt→
∫
Qδ,δ0
hϕrdrdzdt, (3.16)
as k →∞. That is
∫ − δ0
2
−2δ
∫ 2δ
δ0
2
∫ z¯+2δ
z¯−2δ
hkϕrdrdzdt→
∫ − δ0
2
−2δ
∫ 2δ
δ0
2
∫ z¯+2δ
z¯−2δ
hϕrdrdzdt, (3.17)
as k →∞. Using (3.14) and (3.17), one obtains, for any 0 < δ0 < δ, that
lim sup
k→∞
∫ −δ0
−δ
∫ δ
δ0
∫ z¯+δ
z¯−δ
hkrdrdzdt ≤ lim sup
k→∞
∫ − δ0
2
−2δ
∫ 2δ
δ0
2
∫ z¯+2δ
z¯−2δ
hkϕrdrdzdt
=
∫ − δ0
2
−2δ
∫ 2δ
δ0
2
∫ z¯+2δ
z¯−2δ
hϕrdrdzdt ≤
∫ 0
−2δ
∫ 2δ
0
∫ z¯+2δ
z¯−2δ
hrdrdzdt ≤ ε.
Due to the arbitrariness of δ0 and ε > 0, and thanks to (3.12) and (3.17), one obtains
that
|J1| ≤ F1(C0, T − S, |X|, α)
∫ 0
−δ
∫ δ
0
∫ z¯+δ
z¯−δ
hkrdrdzdt→ 0, k →∞. (3.18)
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Now we continue estimating J2 − J4.
J2 =
∫ T
S
∫
{ |X5−Y5|2
T−τ
≥C0, |X˜−Y˜ |
2
T−τ
≤C0}
(T − τ)− 52 e−C |X−Y |
2
T−τ |g(k)(Y, τ)|dY dτ
≤
∫ T
S
(T − τ)− 52dτ
∫
{ |X5−Y5|2
T−τ
≥C0}
e−C
|X5−Y5|
2
T−τ dY5
∫
{ |X˜−Y˜ |2
T−τ
≤C0}
e−C
|X˜−Y˜ |2
T−τ
|u(k)θ ∂Zu(k)θ |
R2
dY˜
≤
∫ T
S
(T − τ)−2dτ
∫
|ξ|≥C0
e−C|ξ|
2
dξ
∫
{|Y˜ |≤
√
C0(T−S)+|X˜|}
e−C
|X˜−Y˜ |2
T−τ
|u(k)θ ∂Zu(k)θ |
R2
dY˜
≤ C
∫
|ξ|≥C0
e−C|ξ|
2
dξ(T − S),
where one has used the transformation ξ = X5−Y5
T−τ .
J3 =
∫ T
S
∫
{ |X5−Y5|2
T−τ
≤C0, |X˜−Y˜ |2T−τ ≥C0}
(T − τ)− 52 e−C |X−Y |
2
T−τ |g(k)(Y, τ)|dY dτ
≤
∫ T
S
(T − τ)− 52dτ
∫
|X5−Y5|
2
T−τ
≤C0
e−C
|X5−Y5|
2
T−τ dY5
∫
{ |X˜−Y˜ |2
T−τ
≥C0}
e−C
|X˜−Y˜ |2
T−τ |g(k)(Y, τ)|dY
≤ C(T − S)
∫
|ξ˜|≥C0
e−C|ξ˜|
2
dξ˜,
where ξ˜ = X˜−Y˜
T−τ . Similarly, one can estimate
J4 =
∫ T
S
∫
{ |X5−Y5|2
T−τ
≥C0, |X˜−Y˜ |
2
T−τ
≥C0}
(T − τ)− 52 e−C |X−Y |
2
T−τ |g(k)(Y, τ)|dY dτ
≤ C(T − S)
∫
|ξ|≥C0
e−C|ξ|
2
dξ
∫
|ξ˜|≥C0
e−C|ξ˜|
2
dξ˜.
Putting estimates of J1 − J4 into (3.12) gives
|II2| ≤ F (C0, T − S, |X|, α, k)
+C[(T − S) + 1](
∫
|ξ|≥C0
e−C|ξ|
2
dξ +
∫
|ξ˜|≥C0
e−C|ξ˜|
2
dξ˜). (3.19)
The term II1 can be treated as for J1 so that
|II1| ≤ F (C0, T − S, |X|, α, k)→ 0, k →∞, (3.20)
for C0 ≥ 2. Now taking T − S = C0 ≥ 2 and using (2.26),(2.30),(3.19) and (3.20),
one gets
|f (k)(X, T )| ≤ C[C−
3
10
0 + F (C0, C0, |X|, α, k)
+C0(
∫
|ξ|≥C0
e−C|ξ|
2
dξ +
∫
|ξ˜|≥C0
e−C|ξ˜|
2
dξ˜)]. (3.21)
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Passing to the limit k → ∞ first and then letting C0 → ∞ in (3.21), one obtains
that, for any X ∈ R3, T ∈ (−∞, 0),
|f (k)(X, T )| → 0, k →∞,
and hence
|ω(k)θ (X, T )| → 0, k →∞, (3.22)
which implies that ω¯θ(R,Z, T ) = 0. Since curlXb
(k)(X, T ) = ω
(k)
θ eθ and divXb
(k)(X, T ) =
0 so b¯(X, T ) is a harmonic and bounded function defined on R3 × (−∞, 0). Since
u¯R(0, Z, T ) = 0, thus there exists a continuous and bounded function s(T ) : (−∞, 0]→
R such that b¯(X, T ) = s(T )eZ . Using (3.7), one obtains that b¯(X, T ) = 0. To prove
that u¯θ = 0, one needs the following lemma due to [13].
Lemma 3.3 Let u(x, t) be a bounded weak solution of the Navier-Stokes equa-
tions in R3 × (−∞, 0). Assume that u(x, t) is axisymmetric and satisfies
|u(x, t) ≤ C√
x21 + x
2
2
in R3 × (−∞, 0).
Then u = 0 in R3 × (−∞, 0).
Applying the facts that b¯(X, T ) = 0 and |Ru¯θ| ≤ C, the proof of Theorem 3.1
follows from Lemma 3.3.
4 Further Remarks
To rule out the possible singularity of the solution, one should make further in-
vestigations. As it is known, Liouville type of theorems play an important role in
blow-up approach to study the global regularity of the three-dimensional Navier-
Stokes equations. How to apply Theorems 2.1 and Theorem 3.1 to study the global
regularity of the three-dimensional axisymmetric Navier-Stokes equations would be
interesting.
As mentioned in the proof of Theorems 2.1 and 3.1, if the solution is not bounded,
then there exist tk ր 0 as k →∞ such that H(tk) = h(tk), where h(t) and H(t) are
defined as (2.5). Denote Nk = H(tk). Then one can choose a sequence of numbers
γk ց 1 as k → ∞ and xk ∈ R3 such that Mk = |u(xk, tk)| ≥ Nk/γk, k = 1, 2 · · · ,
satisfying Mk →∞ as k →∞. Denote rk =
√
(xk1)2 + (xk2)2.
We consider the following two cases.
Case I. {rkMk}(k = 1, 2, · · · ) is uniformly bounded.
In this case, there exists a constant C > 0 such that
rkMk ≤ C. (4.23)
16
We will use the scaling as in (2.7). In view of (4.23), there exists a point (x∞1 , x∞2) ∈
R
2 such that, up to a subsequence, (Mkxk1,Mkxk2) → (x∞1, x∞2) as k →∞. Here√
(x∞1)2 + (x∞2)2 ≤ C <∞. It follows from (2.10) and (2.32) that u¯(x∞1 , x∞2, 0) =
1.
Theorem 2.1 implies that u¯(X, T ) = (0, 0, s(T )), where s(T ) is a bounded and
continuous function defined in (−∞, 0]. Hence, in this case, to rule out the singu-
larity of the solution, it suffices to prove that s(T ) = 0. Since otherwise, one will
obtain a contradiction to the fact that u¯(x∞1, x∞2 , 0) = 1.
Meanwhile, under assumptions of Theorem 3.1, one has u¯(X, T ) = 0 which is a
contradiction to the fact that u¯(x∞1 , x∞2, 0) = 1 and hence the singularity can be
ruled out.
Case II. rkMk(k = 1, 2, · · · ) is not uniformly bounded.
In this case, one can rescale the solution as
u(k)(X, T ) =
1
Mk
u(xk +
X
Mk
, tk +
T
M2k
). (4.24)
Then, similar to Case I, u(k)(X, T )(k = 1, 2, · · · ) are smooth solutions of the 3D
Navier-Stokes equations, which are defined in R3 × (Ak, Bk) with
Ak = −M2k −M2k tk, Bk = −M2k tk. (4.25)
Note that Bk = −M2k tk ≥ (Nkγk )2(−tk) ≥
ε21
γ2
k
for some ε1 > 0. Moreover, it is clear
that
|u(k)(X, T )| ≤ γk, X ∈ R3, T ∈ (Ak, 0], (4.26)
and
|u(k)(0, 0)| = 1. (4.27)
In this case, there exists a subsequence of {Mk} (still denoted by itself) such that
rkMk → ∞ as k → ∞. Due to the axis symmetry of u, xk can be chosen so that
θ(xk) → θ∞ for some θ∞ ∈ [0, 2π]. Then there exists an unit vector ν = (ν1, ν2, 0)
such that er(xk)→ ν and eθ(xk)→ ν⊥ = (−ν2, ν1, 0). Moreover, it holds that
xk +
X
Mk
∈ B(xk, rk√
rkMk
) for X ∈ B(0,
√
rkMk),
and
tk − ( rk√
rkMk
)2 < tk +
T
M2k
≤ tk < 0 for −Mkrk < T ≤ 0.
By (2.13),
|uθ(y, t)| ≤ C
rk
for y ∈ B(xk, rk
2
), t < 0,
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which implies that
|u(k)(X, T )eθ(xk + X
Mk
)| = 1
Mk
|uθ(xk + X
Mk
, tk +
T
M2k
)| ≤ C
Mkrk
(4.28)
for (X, T ) ∈ B(0,√rkMk)× (−rkMk, 0].
Since the flow is axisymmetric, thus, on B(0,
√
rkMk) × (−rkMk, 0], eR(xk +
X
Mk
)→ ν and eθ(xk + XMk )→ ν⊥ as k →∞. Moreover, for each k, u(k) is a bounded
and smooth solution to the 3D Navier-Stokes equations. There exists a subsequence
of u(k) (still denoted by itself) and a bounded ancient solution u˜(X, T ) to the 3D
Navier-Stokes equations on R3 × (−∞, 0], such that
u(k)(X, T ) =
1
Mk
uR(xk +
X
Mk
, tk +
T
M2k
)eR(xk +
X
Mk
)
+
1
Mk
uθ(xk +
X
Mk
, tk +
T
M2k
)eθ(xk +
X
Mk
)
+
1
Mk
uZ(xk +
X
Mk
,
T
M2k
)eZ(xk +
X
Mk
)
→ u˜(X, T ) = u˜Rν + u˜θν⊥ + u˜ZeZ
in C(Q¯) for any compact subset Q of R3 × (−∞, 0].
In view of (4.27), one has
|u˜(0, 0)| = 1. (4.29)
In this case, Lei and Zhang [18] obtained a Liouville type of theorem which can
be stated as follows.
Proposition 4.1 If rkMk(k = 1, 2, · · · ) is not uniformly bounded, then u˜(X, T ) =
(0, s1(T ), s2(T )), where s1(T ) and s2(T ) are bounded and continuous functions de-
pending on T ∈ (−∞, 0].
The proof is referred to [18] and we give a sketch of the proof here.
Sketch of Proof. (4.28) implies u˜(X, T ) · ν⊥ = 0. Hence
u˜(X, T ) = u˜R(X, T )ν + u˜Z(X, T )eZ . (4.30)
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On the other hand, for (y, s) ∈ B(xk, rk√rkMk )× [tk − (
rk√
rkMk
)2, tk], one has that
1
Mk
[ur(y, s)eθ(y)− uθ(y, s)er(y)]
=
1
Mk
∂θ[ur(y, s)er(y) + uθ(y, s)eθ(y)]
=
1
Mk
∂θ[ur(y, s)er(y) + uθ(y, s)eθ(y) + uz(y, s)ez(y)]
= ∂θ[u
(k)(Mk(y − xk),M2k (s− tk))]
=Mk(∂θy · ∇)u(k)(Mk(y − xk),M2k (s− tk))
=Mk|y|(eθ(y) · ∇)u(k)(Mk(y − xk),M2k (s− tk)),
which shows that
1
Mk
[ur(xk +
X
Mk
, tk +
T
M2k
)eθ(xk +
X
Mk
)
−uθ(xk + X
Mk
, tk +
T
M2k
)eR(xk +
X
Mk
))]
=Mk|xk + X
Mk
|(eθ(xk + X
Mk
) · ∇)u(k)(X, T ) (4.31)
for (X, T ) ∈ B(0,√rkMk) × (−rkMk, 0]. Since rkMk → ∞, so Mk|xk + XMk | → ∞
for any fixed X ∈ B(0,√rkMk). But the left hand side of (4.31) is bounded. Hence,
letting k →∞, one gets that
(ν⊥ · ∇)u˜(X, T ) = 0. (4.32)
Note that the Navier-Stokes equations are invariant under rotation. Without
loss of generality, we set ν = e1, ν
⊥ = e2. Consequently, the limit function
u˜(X, T ) = u˜R(X1, Z, T )e1 + u˜Z(X1, Z, T )eZ,
is a bounded ancient solution to the 2D Navier-Stokes equations. It follows from
Theorem 5.1 and Remark 6.1 in [13] that ∇u˜R = ∇u˜Z = 0. Hence, u˜R and u˜Z are
bounded and continuous functions depending only on time variable T ∈ (−∞, 0],
denoted by s1(T ) and s2(T ) respectively. The proof of the proposition is finished.
We finally remark that in case II, to role out the singularity of the solution,
it suffices to prove that s1(T ) = s2(T ) = 0. Since otherwise, one can obtain a
contradiction to (4.29).
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